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INVARIANT CLASSIFICATION OF VACUUM PP-WAVES 



R. MILSON, A. COLEY, D. MCNUTT 



Abstract. We solve the equivalence problem for vacuum PP-wave spacetimcs 
by employing the Karlhede algorithm. Our main result is a suite of Cartan 
invariants that allows for the complete invariant classification of the vacuum 
pp-waves. In particular, we derive the invariant characterization of the G2 and 
G3 sub-classes in terms of these invariants. It is known [5] that the invariant 
classification of vacuum pp-waves requires at most the fourth order covariant 
O 1 derivative of the curvature tensor, but no specific examples requiring the fourth 

order were known. Using our comprehensive classification, we prove that the 
^0 9 < 4 bound is sharp and explicitly describe all such maximal order solutions. 

m 

(N 

q 1. Introduction 

In general relativity, identical spacetimes are often given in different coordinate 
systems, thereby disguising the diffeomorphic equivalence of the underlying met- 
rics. It is consequently of fundamental importance to have an invariant procedure 
for deciding the question of metric equivalence. One approach to this problem is 
to utilize scalar curvature invariants, obtained as full contractions of the curvature 
I tensor and its covariant derivatives [2]- However, a particularly intriguing situation 

qq arises when we consider pp-waves, space-times that admit a covariantly constant 

null vector field 8, Chapter 24].. Some time ago it was observed that all curvature 
invariants of a pp-wave spacetime vanish |15j . Subsequently all space-times with 
the VSI property (vanishing scalar invariants) and the more general CSI property 
(constant scalar invariants) were classified [Ml |3] . It is now known that either a 
spacetime is uniquely determined by its scalar curvature invariants, or is a degener- 
I ate Kundt spacetime [H [J) ; the VSI and CSI solutions belong to this more general 

class. 

To invariantly classify the degenerate Kundt spacetimes, and pp-waves in par- 
ticular, one must therefore use the Karlhede algorithm [7] [8j Chapter 9.2], which is 
the Cartan equivalence method [1] adapted to the case of 4-dimensional Lorentzian 
manifolds. The invariant classification proceeds by reducing the 6-dimcnsional 
Lorentz frame freedom by normalizing the curvature tensor R and its covariant 
derivatives, R q . The unnormalized components of R q are called Cartan invariants. 
We define the IC (invariant classification) order of a given metric to be the highest 
order q required for deciding the equivalence problem for that metric. An upper 
bound on the IC order is often referred to as the Karlhede bound. 

Set t_i = and cLi = 6 (the dimension of the Lorentz group). At each order 
q > 0, let < t g _i < t q denote the number of functionally independent Cartan 
invariants and let 6 > d q -i > d q denote the dimension of the joint isotropy group 
of the normalized R, R 1 , . . . , R q . The algorithm terminates as soon as = t q 
and dq^i = d q . A value of d q = means that there exists an invariant tetrad. If 
t q < 4, then Killing vectors are present. The dimension of the isometry group is 

1 



2 



R. MILSON, A. COLEY, D. MCNUTT 



4 — t q + d q . Henceforth, we will refer to the sequence (to, t\, • • • , t q ) as the invariant 
count. 

In this paper, we focus on a particularly simple class of VSI spacetimes: the 
vacuum pp-waves, whose metric has the simple form shown in equation ^ below. 
The symmetry classes for pp-waves were initially classified by Kundt and Ehlers 
[6] Table 24.2] for vacuum solutions, and subsequently extended by Sippel and 
Goenner [IB] to the general case. The Karlhede bound for pp-waves was investigated 
in [5] and [S] where q < 4 was established; however, it was not known whether this 
bound is sharp, or if it could be lowered further. Despite the fact that these metrics 
have a very simple form, depending on just one parametric function /(£, u) (see 
equation (|9| below), the present paper is the first to present a complete invariant 
classification for vacuum pp-waves, and to establish the sharpness of the q < 4 
bound. 




Figure 1. Specialization of G\ —> G 2 — >• G3 solutions in the a^O class. 

All vacuum pp-waves have at least one Killing vector. Kundt and Ehlers identi- 
fied 3 classes of G2 solutions, 4 classes of G3 solutions, a universal form for the G5 
solutions, and two types of homogeneous Gq solutions. Below, we exhibit explicit 
Cartan invariants that distinguish the various special sub-classes in an invariant 
fashion. 

The Gi,G 2 ,G 3 solutions (a ^ 0) and the G 5 ,G 6 solutions (a = 0) form two 
distinct solution branches; here a is a fundamental 1st order invariant which will 
be defined precisely in Section[2j The classification of the a ^ class is summarized 
in Figure [l] The numbers in the solution labels refer to the invariant count with the 
initial and any trailing 3 omitted. Thus, solution form AP123 refers to a metric 
with an invariant count of (0, 1, 2, 3, 3) while AP 12 2 refers to a G2 solution with an 
invariant count of (0,1,2,2). The G\ solutions have three independent invariants 
and thus their label indices end with a 3. For the same reason, the indices of the 
G2 solutions end with a 2 while the indices of the G3, G5 solutions end with a 1. 

From the point of view of invariant classification there are 4 classes of generic 
G2 solutions. We label these A 2 2, B 2 2, C22, L 2 2 and summarize their invariant clas- 
sification in Table [l] (the Cartan invariants in the third column will be defined in 
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Section [3j) Kundt-Ehlers described forms B22 and L.22- Their third G 2 form is 
(1) /(C, W ) = F(Ce ite ), 

where F is a holomorphic function and k a real constant. The k parameter is 
not essential, and if k 7^ can be normalized to k — > 1 by means of a coordinate 
transformation. In terms of the present terminology, the Kundt-Ehlers solutions of 
type ([T]) belong to class C22 in the the case of k = 1, and and to class A 2 2 if k = 0. 



G 2 


/(£«) 


Invariant condition 


B22 




B 2 /B 1 = k, AXi = 2X1, T = 0, AA* ^ 1, Bj ^ 


C 2 2 


F((e iu ) 


#i = 0, AX 2 = 0, f = 0, fj, ^ 0, yL4* ^ 1 


L 2 2 


5logC 


A = 1, y = 


A 22 


*X0 


M = 0, Av = 



Table 1. Type (0,2,2) G 2 solutions 



One benefit of the invariant classification is a clear description of the mechanism 
of specialization of the G\ — > G 2 — > G3 solutions. In order to understand the 
G\ — > G2 specialization one first has to understand the invariant mechanism by 
which the solution forms in Table [T] arise. To that end, we show in Proposition |3.3| 
that all of vacuum pp-wave solutions of interest can be reduced to the following 
form 

(2) f((,u)= gi F(g 2 ()+g 3 C, 

where F is a holomorphic functions and where gi = gi{u), i = 1, 2,3 are complex 
valued functions of one variable. This general ansatz, which we name A23, bifurcates 
into a number of more specialized forms, which are summarized in Table [2] of the 
Appendix. Roughly speaking, there are 6 solution forms, which we label by A,B,C, 
P,E,L and by numerical indices that describe the invariant count. An asterisk 
denotes a generic precursor of a more specialized solution. The labels P,E,L refer 
to, respectively, solutions of power, exponential and logarithmic type. Roughly 
speaking, the Kundt-Ehlers G 2 solution forms are appropriate specializations of 
the A,B,C and L solution forms. 

The G\ — > G 2 specialization can be understood via the notion of a "precursor 
solution" . This is a G\ solution that is mild generalization of a corresponding G 2 
solution. For example the precursor of the B22 solution 

/(O) = F(u- lk ()u- 2 

is the B23 solution 

(3) f((,u) = F(u-* k ()u- 2 +g(, 

where g = g(u) is an arbitrary complex valued function of one variable. Precursors 
of the other G 2 solutions have an analogous form. The invariant conditions that 
define the various precursor classes are listed in Table [4] of the Appendix. In each 
case, the specialization to a G 2 involves the loss of the g(, term, or equivalently, the 
vanishing of a certain higher order invariant. 

As we show below, a vacuum pp-wave has no zeroth order invariants 8J, and 
generically two independent first order invariants, a, a*. In order to understand 
the G 2 — > G 3 specialization it is necessary to understand the sub-class of solutions 
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for which t\ — 1; i.e, metrics for which the invariants a and a* are functionally 
dependent. We refer to such solutions as belonging to the (0,1) class and devote 
Section [4] to their analysis. Thus, the specialization to the G3 solutions follows the 
following path: 

(0,l,3)-> (0,1,2,2) -> (0,1,1) 

where the middle step consists of type (0,1) G2 solutions; summarized in Table [7] 
of the Appendix. 

Another consequence of our analysis is a firm determination of the Karlhcde 
bound for vacuum pp-waves. It turns that q < 4 is the sharp bound. 

Theorem 1.1. There exist vacuum pp-wave spacetimes with an IC order q = 4. 
Every such metric belongs to one of the four classes exhibited in Table 

Note that metrics that require 4th order invariants for invariant classification nec- 
essarily have a (0,1,2,3,3) as their invariant count. 



(0,2,3) 

G1 
Table 2 



(0,2,3) 
G2 Precursor 
Table 4 



(0,2,3) 

G2 
Table 1 



(0,1,3) 

G1 
Table 3 



(0.13) 
G2 Precursor 
Table 5 




(0,1,2,3) 
G2 Precursor 
Max IC order 

Table 6 



(0,1,2,2) 

G2 
Table 7 



(0,1,1) 

G3 
Table 8 



Figure 2. The invariant classification of the a ^ class. 

The rest of the paper is organized as follows. Section [2] is an introductory 
description of the Karlhede algorithm as it applies to the class of vacuum pp-wave 
metrics. In particular, this section describes the fundamental bifurcation into the 
generic a ^ class and the specialized a — subclass. The invariant classification 
of the former consists of 8 sub-class types shown in Figure [2] Section [3] introduces 
the various Cartan invariants necessary for the generic classification and derives the 
A,B,C,P,E,L solution forms in an invariant manner. Section [4] deals with the type 
(0,1) solutions in the a ^ class. Section [5] classifies the (^-precursor solutions. 
Section [7] derives and classifies the G\ metrics having maximal IC order; the proof 
of Theorem |1.1| is given here. Sections |3j |4j [5j [7j when taken together, constitute 
the invariant classification of the G\ solutions; the specialization diagram for the 
various G\ sub-classes is presented in Figure [4] of the Appendix. Sections [6] and [8] 
deal with the invariant classification of the Gi and G3 solutions, respectively. The 
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a = branch consists of G5 and G§ solutions. There is a generic G5 solution that 
specializes into two distinct classes of homogeneous G§ solutions, as per Figure [3] 
This branch of the classification is discussed in Section [9] and summarized in Table 

E 




Figure 3. Specialization diagram for the G$,Gq solutions. 

Remark: the invariant analysis in Section[8jbrings to light a minor classification 
mistake found in line 6 of [51 Table 24.2]. This line describes a G3 class which is 
listed as BL11 in our Table [8] Kundt-Ehlers give the solution as au In £ with a 
a real constant. This is incorrect; the leading coefficient should be an arbitrary 
complex number. 

2. Vacuum pp-wave spacetimes 

Throughout, we use the four-dimensional Newman- Penrose formalism |12j adapted 
to a complex, null-tetrad (e a ) = (m a , m* a , £ a , n a ) = (S,S*,D,A). These vectors 
satisfy 

£ a n a = 1, m a m* a = 1, 

with all other cross-products zero. Equivalently, letting 8 1 , . . . , 4 denote the dual 
coframe, the metric is given by 

g = 20 1 O 2 - 20 3 6 4 . 



The connection 1-form and the the curvature 2-form are defined, respectively by 

(4) d0 a = uA A e\ o» (o6) = 

(5) n a b = dw a b + uj a c A u> c d . 

The connection components are labeled by the 12 Newman-Penrose scalars: 

(6) -lj 14 = <70 1 + P 6 2 + t6 3 + k0 4 ; 

(7) u> 23 = pG 1 +\9 2 + u9 3 +7r0 4 ; 

(8) -(wia + ^ 34 )/2 = p e 1 + a e 2 + 7 e 3 + c e\ 
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The curvature components are labelled by the Ricci scalar A = A, traceless Ricci 
components &ab — ®ba, A,B = 0, 1, 2, and Weyl components ^c, C — 0, ... ,4: 

n 14 = $01 (6> 34 - 12 ) - $ O2 13 + $o 6> 24 + *o0 14 - (* 2 + 2A) 23 + *!(0 12 + 34 ) 

^23 = $21 (0 12 - 34 ) + $220 13 - $2O0 24 + *40 23 - (*2 + 2A)0 14 - * 3 (0 12 + 34 ) 

(n i2 + r2 34 )/2 = -$i20 13 + $io0 24 + *i0 14 - * 3 23 + 
+$n(0 34 - 12 ) + (* 2 - A)(0 12 + 34 ), 

where ab = a A 9 b . 

A pp-wave is a space-time admitting a covariantly constant null vector field, this 
entails 

K = a = p = r = 0. 

Such space-times are necessarily Petrov type N or type O and belong to the Kundt 
class [H Sect. 24.5]. A vacuum pp-wave that isn't flat-space is necessarily type N: 

- 0, * = #i = *2 = #3 = 0, $4 7^ 0, 

Applying a boost and a spatial rotation we normalize the tetrad by setting vf^ — > 1. 
Therefore, there are no 0th order Cartan invariants. The remaining frame freedom 
consists of the 2-dimensional group of null rotations. 

The above constraints can be integrated to yield the following class of exact 
solutions [SI Section 24.5]: 

(9) ds 2 = 2dCdC- 2dudv- (f + f)du 2 , 

where / = f(C,u) is analytic in £. The above form is preserved by the following 
class of transformations: 

(10) C = e ik (C + h(u)) 

(11) v = a(v + ti(u)( + h'(u)( + g(u)) 

(12) u = (u + Uo)/a 

(13) / = a 2 (f -h"(u)C + l/2(h'(u)h'(u)-g(u))) 
The Bianchi identities (7.32c) (7.32d)] impose: 

(14) f3 = e = 

Using the notation of [5] , the non- vanishing 1st order components are: 

(Dtfjec = 4a, (I>¥) 61 , - 4 7 . 
The transformation law for these components is [HI (7.7c)] 

(15) a' — a, 7' = 7 + za, 

where z is a complex valued scalar. Therefore, a is a 1st order Cartan invariant 
and the invariant classification divides into two cases: a — and a / 0. In the 
first case, 7 is an invariant, while in the 2nd case, we fix the tetrad by normalizing 
7 — > 0. We consider these two cases in more detail. 

Proposition 2.1. Suppose that a / 0. Then, d p = for p > 1. The possible 
values of the invariant count sequence are: 

(0,2,3,3), (0,1,3,3), (0,1,2,3,3), (0,2,2), (0,1,2,2), (0,1,1). 
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The first 3 possibilities describe a G\ , the next 2 possibilities are a Gi , and the last 
possibility is a G 3 . The Cartan invariants are generated by 

S* n a, 5 j A n - j iJ,, A n v, 0<j<n, n = 0,1,2,... 

and their complex conjugates, where the above spin coefficients are calculated rela- 
tive to the normalized ^4 — > 1 , 7 — > tetrad. 

Proposition 2.2. Suppose that a = 0. Then d p = 2 for all p. The possible values 
of the invariant count sequence are 

(0,1,1), (0,0). 

The first possibility describes a G5. The second possibility describes a Gq (homoge- 
neous space). The Cartan invariants are generated by 

A" 7 , n = 0,1,2,... 

and their complex conjugates, calculated relative to a tetrad normalized by "J 4 — > 1. 

In the following sections we will show that each of these cases describes a well- 
defined class of solutions, and go on to derive a the canonical forms for the metric 
in each case. 

We now turn to the proof of Proposition |2.1[ which concerns the a / case. 
The NP equations [El (7.21f) (7.21o)] imply the additional constraints 

7T = A = 0. 

The non- vanishing 2nd order curvature components are [5J (4.2a)-(4.2t)]: 

(■D 2 *) 5 o';00' = 4Da, 

0D 2 *) 5 o';io' = 4<Ta + 20a 2 , 

0D 2 *) 5 o';ii' = 4Aa, 

(D 2 #) 5 i';io' = -4^*a, 

(£» 2 *) 5 i' ; ii' = -4i/a, 

(£> 2 *) 4 i';ii' = -v*a. 

Therefore, the independent 2nd order Cartan invariants are [i,v,5*a and the cor- 
responding complex conjugates. The commutator relations are 

(16) AD -DA = 0, 

(17) 5D-D5 = a*D, 

(18) 5A-A5 = -v*D-a*A + fj,6, 

(19) 6*5-66* = (p* - [m)D - a* 5* + a5 
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The NP-cquations imply the following relations amongst the invariants: 

(20) Da = 0, 

(21) 5a — aa* , 

(22) Aa = -fi*a, 

(23) Dfi = 0, 

(24) 8*ii = -afj, 

(25) Dv = 0, 

(26) 8* v = l-3av, 

(27) 5v = -aV + A/i + /i 2 

Higher order relations follow in a straight-forward manner from these and from 
the commutator relations. Fixing ^4 — > 1 reduces the isotropy to null rotation. 
Fixing 7 — > eliminates this frame freedom. Therefore, the isotropy is trivial. 



Equation (21) implies that a is not constant. All invariants are annihilated by 



D. Therefore, there are either 3, 2, or 1 independent Cartan invariants. The 



conclusions of Proposition 2.1 now follow directly from the Karlhedc algorithm. 

Next we present the proof of Proposition |2.2| which treats the a — class. As 
was mentioned above, the 1st order Cartan invariants are generated by 

(D9) 6l , = 4 7 

The Newman-Penrose equations (7.21f) (7.21o) (7.21r)] imply 

(28) L> 7 = 0, Sj = 0, (5*7 = 0. 

There is only one non-zero 2nd order curvature component, namely 

0D 2 *) 5 i';ii' = 4A 7 + 2O7 2 + 4 77 , 
The operator transformation law for null rotations is jSJ (7.7a)] 

D' = D. 5' = 5 + BD, A' = A + B5* + BS + BBD. 



Therefore, by (28), A™7 is well-defined, despite the fact that no canonical choice 
of A exists and is invariant with respect to null rotations. By [5J (7.6a)-(7.6d)] all 
commutators are spanned by 8,5* , D. This implies that 

<SA"7 = (5*A n 7 = L>A" 7 = 0. 

Therefore there are two possibilities. Either 7 is a constant, in which case we have 
a homogeneous Gq; or 7 is the unique independent invariant, in which case we have 



a G5. This concludes the proof of Proposition 2.2 



3. The d solutions 

In this section, we derive solutions for certain key G\ sub-classes. We assume 
that a/0 for the remainder of this section. The solutions are summarized in Table 
[2]and[3j In the tables, F = F(z) is an analytic function; g — g(u) is complex-valued 
function of it; h = h{u) is a real-valued function of it; and k is a real constant. The 
meaning of gx, g?, h\, /12, k%, ki are analogous. 

In the preceding section we established that a^0 solutions admit an invariant 
tetrad characterized by the normalizations 

(29) #4 = 1, 7 = 
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Let w\w 2 = (u; 1 )*,^ 3 = {lj 3 )*,oj 4 = (w 4 )* denote the coframe dual to 6,6*, A, D. 
We introduce the following key invariants. 



(30) 


.4 


:= S*a/a 2 , 




(31) 


B 


:= [iA - (i*, 


Bi = RcB, B 2 = ImB. 


(32) 


M 


:= ot(j,, 




(33) 


X 


:= B/(AA* - 


1), X x = ReX, X 2 = ImX, 


(34) 


Y 


:= {3-A)v- 


■l/a+(A(i + n 2 )/a*, 


(35) 


V 


:= v + X(fJ, + 


2X*)/a*, AA* ^ 1, 


(36) 


f 


:=A{v/X*)- 


- 20 + 1/ a- 4iXX 2 /a*, 


(37) 


A 


:= A + z*5 + 


z6* + zz* D, z := X* /a, 


(38) 


X 


:=AlogM*/(l-A*), A^l, 


(39) 


V 


:= v + X*{X 


+ 2/1- A*X*)/a*, A^l, 


(40) 


T 


:=A(t>/X*)- 


-29 + l/a-4iXX 2 /a*, 


(41) 


A 


:= A + 5*5 + 


z6*+zz*D, z:=X*/a. 



AA* ^ 1, 



Even though the 7 — > normalization is the most obvious way to select an 
invariant tetrad, an equally useful normalization is Aa — > 0. The reason is that a 
Killing vector V necessarily annihilates all invariants, and hence it will turn out to 
be useful to work in a frame where A is a linear combination of Killing vectors. 

For a given vector field V let us write 

V 1 6 + V 2 6* + V 3 A + V 4 D 



where 



V 



(V 1 )* =V 2 , (V 3 )* = V 3 , (V 4 )* 



V 4 



The following proposition shows that if A A* ^ 1, then the normalization Aa — > 
selects a well-defined invariant tetrad. 

Proposition 3.1. Suppose that AA* =/= 1. Then, every vector field that satisfies 
(42) C v a = C v a* =0, V 3 ^ 0. 



has the form V = aA + bD, a^O. If AA* = 1, but B ^ ; then (42) does not have 
a solution. If AA* = 1 and B — ; then there is a 1-parameter family of solutions 
to ([42]). 

Proof. The null-rotation transformation law for A is [8j 7.7 (c)], 
(43) A = A + z*S + zS* + zz*D. 



Hence, by (20)- (22) and (|30|) we seek a scalar z such that 
(44) 



Aa a* 
a A*a* 



If A A* ^ 1, the solution is 

(45) 



A*n* - n 
(AA* - l)a 



X* 
a 
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If A A* = 0, then the system has rank 1. In this case the system is consistent if and 
only if 

Aa fi* 



= aB = 0. 



□ 



Next, we establish some key relations for these invariants and certain other 
scalars that will prove useful in our calculations. 



Proposition 3.2. Suppose that a^=0. If the normalization (29) holds then 
(46) a = e a - a '/(Z a )* =e a - a *( ac )*, 

-a— a* t 



(47) 
(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
where 
(54) 

(55) 
(56) 
(57) 



M 

v ■■ 

A- 
, ,1 



(e- 2a /Z a )*L u , 
e- a ~ 3a * (Z uu H 
-l-{L a )*, 
(a*)~ 1 da, 



($ a /z a y 



-a — 3a* 



(z uu + (f c )*), 



3 a+a* 



du, 



((/ + f*+ Z u Z* u )du + dv- Z u d(* - Z* u d() , 



c 

L 



Z(a,u), 
\ogZ a 

/(C,«). 



C* =: Z*(a*,u), 



We also have 

(58) 
(59) 



/' 

SA 



XA* 
0. 



X*, 



Furthermore, if Q — Q(a,u) then 

(60) SQ = a* Q a , 

(61) AQ = e- a - a 'Q u . 

We begin by deriving some a key classes of G\ solutions; all the various solutions 
discussed in this paper are subclasses of these general categories. 

Proposition 3.3. Suppose that a 0. The following conditions are equivalent: 

(62) SA* S 2 M = SM S 2 A* 

(63) /(C,«) = giF(g 2 () + g 3 (, 

where F = F(z) is an analytic function such that F'" (z) ^ and where gi — 
gi(u), i — 1,2,3 are complex-valued such that 51,32 7^ 0. Furthermore, SM = if 
and only if gi = g% : i.e., 

(64) f(Cu) = F(gOg- 2 +g 3 C 
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In addition M = if and only if gi = g 2 = 1; i.e., 
(65) f(t,u)=F(0+9(. 



Proof. Our first claim is that (63) is equivalent to the following conditions: 
/« ^ 54^i (S2O, 34 = gigl F x {z) = F"(z), 



(66) 



(67) 



a = F 2 (g 2 Q +95, 55 = 7 logg 4 , F 2 (z) = - logFi(z) 

Z = F 3 (a-g 5 )/92, F 3 (F 2 (z)) = z, 

L = F 4 (a- g 5 ) + g 6 , g 6 = -\ogg 2l F 4 (z) = log F 3 (z) , 

Lu + giL a = 3s, gi = g' 5 (u), 3s = g&iu). 



Note that since a ^ 0, by (46), we must have L^O. We now consider two cases. 

First, let us consider the case of 8M — 0. Note that in this case (62) holds 
trivially. Also, in this case, L ua = 0, and hence without loss of generality, g 5 = 0. 
The case of M = is true if and only if L u — 0. Here 55 = and g% = g% = 1. 

Let us now consider the generic case where 6M 7^ 0. In this case, (62) can be 
restated as 



0. 



Observe that 



S(A*/M) 
6(1 /M) 
S(A*/M) 
6(1/ M) 



A* - M 



6A* 

(SA*\ 
\~5MJ 



-M6 



Hence, (62) is equivalent to 



[ 6(A*/M) \ 



Next, we observe that 



Hence, 



6(A*/M) 
S(l/M) 



-1-L n 



5{A*/M) \ 
S(l/M) ) 



= 



Hence, by (|6l|), condition (|62|) is equivalent to 

9, 9 = g(u) 

9^ 



8(A*/M) 

WW) ' 

'1 + A* 
M 



-L„ 



Z n *e 



2a ' 



The latter condition is equivalent to (68). 



□ 



Proposition 3.4. Suppose that B\ 7^ and AA* 7^ 1. Then the following are 
equivalent: (i) B 2 /B\ = k. is a real constant and (ii) /(C, u) — F(h lk ()h 2 + g(. 
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Proof. Let C = 1 + ik so that condition (i) is equivalent to 

B _ B x + LB 2 _ C 
B* ~ B x - \B 2 ~ €*' 



(69) 



or Im(B/C) = 0. Suppose that (i) holds. By (|3lj), 

A* = (B* +m)/m* 
AA* - 1 = A(S* + /i)//i* - 1 = (AB* + A M - = (AS* + B)/[i* 

= {B/n*){l + {B*/B)A). 



Hence, assuming (169]) and by (47) (50) 



\C/B)(AA* - l) = e- a ~ a (C + C*A)/li* = (-2ik-CL a )/L v 



(70) e" 

By Proposition |3.2| the above is both real and holomorphic in a, and hence inde- 
pendent of a. Hence, 



(71) 



L u + (1 + ik)hxL a = -2ikhi, 



where /ii = h\{u) ^ is real. Conversely, (71) with fti ^ implies condition (i). 
Hence, 

L = F(a - (1 + ifc)M - 2ifc/i 2) /i' 2 («) = hi{u) 
Z = F(a- (I + ik)h 2 )c- 2ikh2 
a= (l + ik)h 2 + F(e 2ikh2 C) 



f <c = h 2 + 2ik F(h ik (), h = 
f = F(h ik ()h 2 +g( 



„2/i 2 



□ 



Proposition 3.5. Suppose that 4^1. Then, the following are equivalent: (i) 
B t = 0, and (ii) /(C, u) = F(c ih () + g(. 



Proof. By (31) (47) (50), condition (i) is equivalent to 

(L a + 2)L* U + L u (L a + 2)* = 0. 
where L a ^= —2, by assumption. Hence, 

L u = ihi(L a + 2), L u -\h 1 L a = 2\h 1 , 
where /ii = h\(u) is real. Hence, 

L = F(a + ih 2 ) + 2ih 2 , h' 2 (u) = h\{u) 
Z = F(a + \h 2 )e 2ih2 
a = -ih 2 + F{e- 2ih2 () 
f cc = h 2ih F(e ih 0, h = -h 2 /2 
f = F(e ih ()+gt 



a 



Proposition 3.6. The following are equivalent: (i) AA* = I, and (ii) L = Pa + g 
whereb g = g(u) and P = P{u) such that PP* + P + P* = 0. 
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Proof. By (50 1, A* is holomorphic in a. Hence, if AA* = 1 then, A must be 
independent of a; i.e., L a = P = P(u). Since A* = 1/A = — 1 — L a , condition (ii) 
follows. □ 

Proposition 3.7. Suppose that A 2 ^ 1. The following are equivalent: (i) AA* = 1 
and (ii) f(C,u) = (e^CY h +g 2 C 



Proof. By Proposition |3.6| condition (i) is equivalent to 

L = Pa- g, g = g(u) 
where, by assumption, P^O, —2. Hence Re(l/P) = —1/2, whence 

P = -2i/(/i + i). 
where h = h(u) ^ is real. Hence, 

Z = exp(Pa -g), a= (log(C) + g)/P, /« = (e^C) 4/P = (e^)- 2+2i ' 1 
Hence (ii) follows with 

g = (1 + P/2)#i + const. 

□ 

Proposition 3.8. The following are equivalent: (i) A = —1 and (ii) f(C-> u ) — 
exp(ffiC) +52C 

Proof. By the Lemma, condition (i) can be restated as L = g. Hence, 
Z = ga, a = g(, / cc = exp(e s C), / = exp(giC) + 92C 

□ 

Proposition 3.9. The following are equivalent: (i) A — 1 and (ii) /(£,it) = 
9i logC + 52C- 

Proof. By the Lemma, condition (i) can be restated as L = —2a + g. Hence, 
Z = exp(-2a + . 9 ), -2a = log(C) - g, f K =^C\ / = 51 log C + ff 2 C 

□ 

Note that if A = 1, then B = fi — /i*. Hence, if A = 1, then J5i = automatically. 

4. The (0, 1) class 

Above we showed that a, a* generate the 1st order invariants. Generically, these 
are independent and hence, generically, the invariant count is (0,2). However, an 
important subclass occurs for which da A da* = 0. We will refer to these as the 
(0, 1) solutions. The next two Propositions characterize the (0,1) solutions in terms 
of invariants. 

Proposition 4.1. If /j, 0, then da A da* = if and only if B = 0. In this case, 
the condition AA* = 1 follows automatically. If /x = 0, then da A da* = if and 
only if AA* = 1. 
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Proof. By (21) (22) 



SaAc 



-5*aSa* = a 2 a* 2 (AA* - 1) 
5a* Aa — aa* 2 B 



Hence, the condition da A da* = is equivalent to the conjunction of AA* = 1 
and B = 0. However, if fj, ^ and B = 0, then A = and hence AA* = 1 

automatically. Therefore, if fj, ^ 0, then the condition £? = suffices. On the other 
hand, if fi = 0, then 5 = 0, and therefore the condition AA* = 1 suffices. □ 



Proposition 4.2. Suppose that B = and AA* 
constant and 5M = 0. 



1. Then, necessarily A is a 



Proof. By Proposition 3.6 L = Pa + g where P — P(u).g — g{u). Since B = 0, 
we have 



(72) i u + L;(l + L a 

Taking the derivative with respect to a gives L v 



0. 



0. Hence, A must be a constant. 



Furthermore, by (48) (60) 



5{M) 



Z a Z* a * 



as was to be shown. 



□ 



Lemma 4.3. Suppose that B = and AA* = 1. If A I, then 



(73) 



L 



A + l 



A-l 



(k + ih) 



A A 

where k is a real constant, and h — h{u) is real. If A=\, then 
(74) L = -2a + h + ki. 



Proof. By Propositions 3.6 4.2 L = Pa + g where g = g{u) and P = —{A + 1)/A 
is a constant. Hence, equation (72) can be restated as 



g'(u)-(g'(u)r/A = 0. 

If A ^ 1, we multiply both sides by A/ (A - 1) to obtain Re(A/(A - l)g'(u)) = 0. 
This gives us ( 73 ). If A — 1, then (74) follows immediately. □ 



Proposition 4.4. A type (0, 1) solution belongs to one of the classes shown in 
Tabled 

1. We proceed by cases. Suppose 



Proof. By Proposition |4.1[ B = and AA* 
that A 2 ^ 1. By Proposition |3J 



/ = (e^C) 2ifc + S2C, L = Pa - (1 + P/2) 9l . 



Since (1 + P/2) = (A - 1)/(2A), we must have gi = k + ih by Lemma 4.3 . This 



gives form P 13 . Next, consider the case A = —1. Here, L = k + ih. By Proposition 
3.8 we arrive at form E13. Finally, if A = 1, then (74) and Proposition 3.9 give 
form L13. □ 
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5. The G 2 precursors 

As above, we assume that a ^ and that 8, 8* , A, D is a tetrad normalized so 
that ^4 — > 1 and 7 — > 0. In this section we classify the solutions that satisfy the 
following definition. 

Definition 5.1. We say that a vacuum pp-wave metric is a GVprecursor if there 
exists a vector field V = V 1 8 + V 2 8* + V 3 A + V 4 D such that 

(75) Cyuj 1 = C v lo 3 = 0, V V 0, or y V 

A Killing vector annihilates all invariant scalars and invariant differential forms [14j 
Ch. 8-10]. Thus, the "precursor" terminology reflects the fact that (75) is a neces- 
sary, but not sufficient condition, for the existence of a Killing vector independent 
from D — d v . The requisite propositions and proofs are presented below. The 
resulting classification of precursor solutions is summarized in Tables [4] and [5] 

Proposition 5.2. Let V = V 1 8 + V 2 S* + V 3 A + V 4 D be a vector field. Relation 
Lyio 1 = Cv^o 3 = holds if and only if C — a*V l is a constant, while V 3 satisfies 

(76) V*n* = C + C*A 

(77) 8V 3 = a*V 3 , 

(78) AV 3 = -C~C*. 



Proof. By @ - {22} and Q, 

(79) £ v a = a(C + C*A-V 3 n*). 

By |5l| ) and the definition of C, 

(80) Cvi^uj 1 ) = C v da = d{C v a) = d(V\da) = dC, 
We also have the following identity: 

(81) C v oj 3 = d(V\uj 3 ) + V\duj 3 

(82) = d(V 3 ) + (^V 1 + aV 2 )oj 3 - a*VV - aV 3 0J 2 

(83) = (8V 3 - tfV 3 )^ 1 + (S*V 3 - aV 3 )uj 2 + {AV 3 + C + C*)uj 3 
The desired equivalence follows immediately. □ 



Proposition 5.3. If B 0, then (75) is equivalent to the the conjunction of 

(84) da A da* Adfi = 0, 
and the condition 

(85) d(B/B*)=0. 

Proof. Note the following structure equations, which are dual to the commutator 
relations ((l6|-([l9]) 

(86) du 1 — aoj 1 Aoj 2 — flu 1 A uj 3 , 

(87) du; 3 = {a*^ 1 + cuo 2 ) Aw 3 , 
dw 4 = (ji* - ^uj 1 A w 2 + + vlj 2 ) Aw 3 - (c/w 1 + aw 2 ) A w 4 . 



If |75|) holds, then 

CyCe = L\rQ* = = 0, 
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because a, a*, (a are the structure functions in (86) (87 1. But, if 3 functions on a 
4-dimensional manifold are annihilated by 2 independent vector fields, then they 



must be functionally dependent. Therefore (84) holds. By Proposition 3.1 

V = aA + bD, 



where A is defined as per (37), and a, b are some functions. By Proposition 
C = a*V 1 = aX, C*=aV 2 



5.2 



aX* 



are constants. Hence, by (|33|), 
(89) 

is a constant. 



B/B* = X/X* = C/C* 



Conversely, suppose that (84) and (85) hold. By assumption, (89) holds for some 
constant C. Hence, C/X = C* / X* is real. Set V = C/XA. This is a real vector 
field such that, by construction, Cya = Cya* = 0. Since a,a*,fj, are functionally 
dependent, we also have Cyfi = 0. By relation (80), Cyuj 1 = 0. By (86) and (83), 



= Cydui 1 = -(Cy^uj 1 Aw 3 - fiu 1 A Cyuj 3 = -flu 1 A C 



yOJ 



Since CyUJ 3 is real and ijl ^ by assumption, it follows that CyUJ 3 = 0. 



□ 



Remark: Observe that 



B 

B* 



Bi + iB 2 _ 1 + LB2/-B1 



£?i 



LB 2 1 - iB 2 /B 1 ' 

can be conveniently expressed as B 2 jB\ = k 



Hence, if B\ ^0, then condition 
where k is a real constant. 

We now show that type (0, 2) precursor solutions belong to the 4 classes shown 
in Table |4] Pro position 5.4 characterize the precursor solutions for which V 3 = 0. 
Proposition |5.5| characterizes precursor solutions for which V 1 = 0. This leaves the 
case where both V 1 , V 3 are non-zero. Since we are considering type (0, 2) solutions, 
we exclude the possibility that B = 0. The possibility that B ^ but AA* = 1 
is excluded by Proposition |3.1| The remaining possibilities can be divided into the 
case Bi ^ and the case B\ = 0. Proposition |5.6| deals with the former and |5.7| 
with the latter. 



Proposition 5.4. There exists a vector field V such that 
(90) 

if and only if A = 1 . 



CyLU 1 = CyUJ 3 = 0, V 1 ^ 0, V 3 = 



Proof. Suppose that (|90| holds. By (|78|), C 
imaginary. Hence, by (76), C + C*A 
A 



C* = 0, and hence C = a*V x is 



0, which means that A = 1. Conversely, if 
1, then in order for (|76[) - (78]) to hold, it suffices to set V 1 = i/a*, V 3 = 0. □ 



Proposition 5.5. There exists a vector field V such that 
(91) CyUJ 1 = CyLU 3 = 0, ^=0,7^0 

if and only if fi = 0. 



Proof. Suppose that (91) holds. Hence, by (79) , 

Cya = -V 3 afi = 0. 

Therefore, /i = 0. To prove the converse, it suffices to take V 3 — 
((77) and (781 follow by (f60l) j6lj). 



Relations 
□ 
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Proposition 5.6. Suppose B\ 7^ 0,^4^4* 7^ 1. The following are equivalent: (i) 
condition ([75]) holds; (ii) B 2 /B 1 = k, AX 1 = 2Xf; (iii) f{C,u) = F(V iA: C)w~ 2 + 
9C 



Proof. Suppose that (i) holds. Since V 3 is real, by Proposition 



5.2 



fi*{C + C*A*) ~ n(C* + CA) = CB* - C*B = 0. 



Since B ^ 0, we have \i 7^ also. Hence, C 7^ 0, by (761. Hence, 

C_ 



B_ _ 1 + iB 2 /B 1 
B* 



1 - iB 2 /B 1 ' 

Hence, C = 1 + ifc, without loss of generality, and B 2 jB\ = k. Furthermore, since 
X/X* = B/B*, we have 

1 _ C _ C{B + B*A) _ C + C*A 

xi =: 



(92) 



X 



Bji* 



fj, 



Therefore, (ii) follows by |78j). 

Next, we show that (ii) implies (iii). By Proposition 3.4 /(£, u) — F(h lk C,)h 2 +g( 
belongs to class B 23 - In the proof of Proposition |3.4[ we showed that 

e -a-a' /Xi = y hu 



where hi = hi(u) is real. Hence, by (61) 

A(l/X x ) = A(e Q + a 7ft 1 ) = (l//n)'(u), 
(l/fti)'(«)+2 = 0, 
hi = -l/(2u). 

In the last step we can omit the constant of integration because of transformation 
freedom (12 1. Therefore 



1 + ifc 
2u 



L a = 



Following the steps in the proof of Proposition 3.4 gives h = u , which specializes 
solution form B 23 to form B 23 . 

Finally we show that (iii) implies (i). For this, it suffices to set V 1 = C/a* where 
C = 1 + ifc and to set 

V 3 =l/Xi = -2ue a+a " 



Conditions (77) (78) follow by (60) (61). 



□ 



Proposition 5.7. Suppose that Bi = 0,/i 7^ 0,AA* 7^ 1. The following are equiv- 
alent: (i) condition ([T5) holds; (ii) AX 2 = 0; (iii) f{(,u) = F(e iu () + gC,. 

Proof. Let us show that (i) implies (ii). As above, C — otV 1 7^ is a constant 
such that lm(B/C) — 0. Since Bi = we have C = i without loss of generality. 
Hence, V 3 = l/X 2 and AX 2 = by (78). 

Next, we show that (ii) implies (iii). By assumption, f(C,u) — F(e lh () + gC 
belongs to class C 23 . Since B = \B 2 we have by 

-i/X 2 = l/X* = (B* + BA*)/(B*n) = (1 - A*)/n. 

Hence, by Proposition |3.5| 

c— a '/X 2 = -i(2 + L a )/L u = -1/hi 
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where hi(u) = —2h'(u) ^ is real. Since AX2 = 0, we infer that hi is a constant. 
Hence, without loss of generality, h(u) = u. 

Finally we show that (iii) implies (i). For this, it suffices to set V 1 — C/a* where 
C = i and to set 

V 3 = 1/X 2 = -2ke a+a ' 

□ 



Conditions (77) (78) follow by (60) (61) 



We now classify the type (0, 1) precursor solutions. 



Proposition 5.8. Suppose that B = 0, A ^ 1, fi ^ 0. Then (75) holds if and only 
if 

(93) A 2 (l/^) = 



Proof. Suppose that (75) holds. By Proposition 4.2 A is a constant. Hence, (93) 



follows by (76) (78). Conversely, suppose that (93) holds. By Proposition 5.2 



seek a constant C such that 

V 3 = (C* + CA*)/fi =(C + C*A)/fi*, 



and such that the above V satisfies (77) and ( |78[ ). First, observe that A* = 1/A 
and /x* = Afi. Hence, 

(C + C*A)/n* 



{C/A + C*)/n = (C* + CA*)/fi. 



4.2 



6(an) = 0. 



Therefore, V 3 is well-defined for any choice of C. By Proposition 
Hence 

a(a* /j, + 5 (j,) = S(l/fx) = —dfj,/fM=a*/fj,. 
Henc e, (|77| is satisfied for all choices of C. We now turn to condition (78). By (47) 
and ( 73 ) of Lemma |4.3| 

i(A - l)/A/n = i(A - l)/Ae a+a '/L u = -e a+a * /h'(u), 



where h = h(u) is real. Hence, by ( |6Tj ), 

(94) i(A- 1)/AA(1/m) = -h"{u)/{h'(u)) 2 = k 



C* + CA* = 



I- A 



is a real constant. If k = 0, then condition (78) can be satisfied by taking C = i. If 
k ^ 0, Q is satisfied by taking C = A/ (A - 1) + i/fc. With this choice, 

1 1 1 ( A 1 i V = 

AT/ 3 = -1, 
A 1 



C + C* = 



A-l l-A 



= 1 



□ 



Proposition 5.9. The type (0,1) precursor solutions belong to one of the classes 
shown in Tabled 



Proof. By Proposition |5.4| the B = 0, A = 1 solutions are automatically precursor 
solutions with V 3 = 0, V 1 =^ 0. We now classify all precursor solutions that admit a 
vector field that satisfies ([75]) with V 3 ^ 0. We consider two cases: fj, ^ and fj, = 0. 
Suppose the former. By the above Lemma, a precursor solution is characterized by 
the condition A 2 (l//i) = 0, which is equivalent to 

(95) h"(u) + kti{u) 2 = {). 
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where h is the parameter in solution forms P13, E13, L13. This gives us four classes 
of solutions. Class BP 13 corresponds to the case A / -1 and k ^ 0. In this 
case, the solution of (95), without loss of generality, is h = i log it. Class CP13 
corresponds to A 7^ — 1 and k — 0. Here, without loss of generality, the solution 
to (95 I is h = u. Similarly, the condition A = — 1 gives solution classes BE13 and 
CE13. Finally, consider the case of A = 1. Here n* = \i. Hence, by Proposition |3.9| 
L = — 2a + ik + h where h is real. By Lemma |5.2| we require that 

V 3 = (C + C*)//x ^ 0, AV 3 = {C + C*)A(l//i) = -{C + C*). 



Since S(afi) = 0, we automatically have 6(1/ fi) — a* fi; condition (77) is automati- 



cally satisfied. Hence, a necessary and sufficient condition for a precursor solution 
is A(l//i) = —1, or equivalently A/i = /i 2 . This is equivalent to h"(u) = h'(u) 2 , 
which, by employing the freedom (12), gives us h(u) = — log it. Employing the 
integration steps in Proposition 3.9 this gives us / = Cu~ 2 log £ + g(, which is 
solution form BL13. 

Next, suppose that /i = 0, AA* = 1. Here it suffice to specialize one of the Table 
[3]solutions. For classes P13 and E13 we set h — > 0. For the logarithmic solution L13 
we set h — > k, where the latter is a constant. □ 

6. The G 2 solutions 

In this section we characterize and classify the vacuum pp-waves with two in- 
dependent Killing vectors. Since a Killing vector annihilates the invariant 1-forms 
w 1 , . . . , w 4 , every G2 solution is a specialization of the precursor metrics discussed 
in the preceding Section. 

We first present the invariant characterization of the generic, type (0,2,2) so- 
lutions, and then present the characterization of the type (0, 1,2,2) solutions. We 
then pass to a detailed classification, the results of which are displayed in Tables [l] 
and [3 



Proposition 6.1. A type (0,2,2) G2 solution is characterized by (75) and 
(96) da A da* ^ 0, da A da* Adt/ = 0. 

Proof. By Proposition|2.1| the 2nd order Cartan invariants are generated by A, /j,, v. 



Suppose that there exists a Killing vector V independent from D. Condition (75) 



follows by definition. Since Killing vectors annihilate invariants, there are at most 



two functionally independent invariants. Hence, (96) must hold 



Conversely, suppose that (75) and (96) hold. Dependence of /i follows by Propo- 
sition [5731 Furthermore, 



Cva = C 



= 0, Cvda = dCva = 0, 



□ 



where V is the vector field in (|75j. By (|20j) - (|22| and (|30j), 

da = a(a*uj 1 + AauJ 2 — fiu> 3 ) 
Hence LyA = 0. Therefore, the invariant count is (0,2,2). 

The type (0, 1,2,2) solutions split into two branches, depending on whether or 
not [i is independent of a. We consider each branch in turn. 

Proposition 6.2. Suppose that da A da* = but that da A d/j ^ 0. Then a G2 
solution is characterized by the condition 

(97) da A dju A dv = 0. 



20 



R. MILSON, A. COLEY, D. MCNUTT 



Proof. If V is a Killing vector then Lyv = 0. In a G2 solution there are two such 
independent vector field, which means that a, /i, v must be functionally dependent. 
Let us prove the converse. We will show that the invariant count is (0, 1, 2, 2), which 
signifies a G2 solution by the Karlhede algorithm. By Proposition |2.1| the second- 
order invariants are generated by /x, A, v and their complex conjugates. Suppose 
that 

da A dfi 7^ 0, da A da* =0, da A d/i A di/ = 0. 
By Propositions ITT] and |4.2| 



B = 0, AA* = 1, dA = 0, // = A t i. 

Hence, all second order invariants depend on a, /i. The third order invariants are 
generated by S* A, <5/i, A/i, Av, and their complex conjugates. Since A is a constant 



and v is a function of a, /i, and since relation (27) holds, it suffices to show that <5/i 

ition[L2]and by (|21[), 

<5(a/i) =0, <5/i + a*/i = 0, 



depend on a,/i. By Proposition |4.2| and by (21), 
(98) 

as was to be shown. 



□ 



Proposition 6.3. Suppose that da A da* = da A d/i = 0, but that da A dv 7^ 0. 
Then a G2 solution is characterized by the conditions 



(99) 
(100) 



da A dv A d^* = 0, 
da A dv A dA^ = 0. 



Lemma 6.4. Suppose that B = 0, p, ^ 0. 27ie following are equivalent: (i) da A 
d/i = and(ii) A = 1, A/i = /i 2 . 



Proof. By assumption, /1* = ^4/i. By Proposition 4.2 relation (98) holds. Hence, 
d/i = —fia*^! 1 — a/iuj 2 + A/iw 3 , 
da = a(a*w 1 + Aacj 2 — fJU ), 
da A d/i = (A - l)a 2 a* /.no 1 Aw 2 - aa* (Ay? - A/i)a/ A aj 3 
- Aa 2 (/i 2 - A/i)w 2 A u) s . 



a 



Proof of Proposition 6.3 By Propositions 4.1 4.2 A is a constant. Hence, using 



the reasoning in the proof of Proposition 6.2 above, v* , A/i, Ai/ generate the second 
and third-order invariants. If /i 7^ 0, then by Lemma |6.4[ A/i is a function of /i, 
which itself is a function of a. If /i = 0, then afortiori A/i = 0. That means that 



v* , Av generate all second and third-order invariants. Therefore, (99) (100) suffice 
for a G2 solution. 



□ 



We now classify the (0, 2, 2) solutions. Throughout, V denotes the 2nd Killing 
vector independent from D. The G2 solutions can be further subdivided according 
to whether V 3 ^ or V 3 = 0. 

By Proposition 5.4 the (0,2) precursor with V 3 = is of class L22. The remaining 



(0,2) precursors are B23, C23, A23. As we show below, the specialization from 
the precursor class to the G 2 class is governed by the vanishing of the Y and T 



invariants, which are defined in (34) and (36), respectively. 
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Proposition 6.5. Suppose that f(C,u) — F(u lfe ()u 2 + gu 2 lfc C, k ^ belongs 
to the B 2 3 precursor class. The following are equivalent: (i) da A da* Adv — 0, (ii) 
T = 0, (in) g'(u) = 0. 



Proof. By Proposition 5.3 V — X 1 1 A annihilates cj 1 , ui 2 , w 3 , a, ^i. Above, we 



already noted that £yi = 0. By (31 1 (331, CyX = also. Let v be the invariant 



defined in (|35j. By Proposition |5_2] and (|26j) (|27f , 

= -a*X, 6*X = -aX, AX = 2XX U 
5{v/X*) = -4LY 2 , S*(u/X*) = (1 - 2i>a)/X*, 
A(0/X*) = A{y/X*) - 4iXX 2 /S* + (1 - 2i>a)/a = f 



where v is the invariant defined by (35 1. This proves the equivalence of (i) and (ii). 
A direct calculation shows that 

f* = 4uXl/Xg'(u)F"(u- ik ()- 1/2 

This proves the equivalence of (ii) and (iii). □ 

Remark 1: If g'(u) — 0, then by (10) we can absorb the g(u)u~ 2 ~ lk ( term into the 



F(u~ lk (,)u~~ 2 term. 

Remark 2: the invariant v can be calculated directly by employing the tetrad that 
respects the normalization Aa = 0. The null rotation that sends A — > A maps 



Proposition 6.6. Suppose that f((, u) = F(e lu Q + ge 1M (, belongs to the C23 pre- 
cursor class. The following are equivalent: (i) da A da* A dv — 0, (ii) T = 0, (iii) 
g'(u) = 0. 



Proof. The proof is similar to the argument employed in Proposition 6.5 above. 
The formulas that differ are 



AA = 0, T* = 4A* g'(u)F"(e iu Cy 1/2 



□ 



Proposition 6.7. Suppose that f((^,u) = (71 log C + 32C belongs to the logarithmic 
L23 precursor class. The following are equivalent: (i) daAda* Adv — 0, (ii) Y = 0, 
(iii) g 2 = 0. 



Proof. By Proposition 5.4 V — Im(a 5*) annihilates w ,u , a,/z. Hence, condi 



tion (i) is equivalent to Lyv = 0. We have 

(101) (8v)/a* -(5*v)/a = -l/a + 2is+(n 2 + An)/a* =Y 

This proves the equivalence of (i) and (ii). A direct calculation shows that 

aY* = -CS2(5iffiT 1/2 • 
This proves the equivalence of (ii) and (iii). □ 

Proposition 6.8. Suppose that /(C, u) = F(Q) + gC, belongs to the A23 precursor 
class. The following are equivalent: (i) da A da* A dv = 0, (ii) Av = 0, (iii) 
g'(u) = 0. 
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Proof. By Proposition 5.5 a multiple of A annihilates to 1 ,ui 3 ,a,a* . Hence (i) is 
equivalent to (ii). A direct calculation shows that 



Av* =e~ 2a g'(u)/F"(C). 



This proves the equivalence of (ii) and (iii) 



□ 



Note that if g'(u) = 0, then we can absorb the g( term into the term. 

We now classify the G2 solutions of type (0,1,2,2). By definition, these are 
specializations of the type (0, 1) precursors. The latter solutions fall into three 
groups: (i) V 3 = 0, (ii) V 3 ^ and daAd/i = 0, (iii) V 3 ^ and daAdfi ^ 0, where 
V is the vector field that satisfies (75). Case (i) is class L23. The specialization to 
a G2 solution is described, mutatis mutandi, by Proposition 6.7 above. Case (ii) 
consists of classes L13, AP13, AE13, AE13. The specialization to G2 solutions is 

of the following section. Case (iii) 



7.4 7.6 7. 



described by Propositions in 7.2 
consists of classes BP 13 , CP13, BE 13 , CE 13 . By Proposition |6.2| the specialization 
to a G2 solution is characterized by the condition da A d/i A dv = 0. The following 



Proposition analyzes this condition. The key invariant here is T, as defined by (401 



Lemma 6.9. Suppose that B — and AA* — 1,A 7^ 1. Then 
(102) {dc^dc^d^d/i*}- 1 =span{A,D}, 



with A defined as in (41) 



Proof. Since M = a/i, no generality is lost if replace dfi with dM . By Proposition 

S*M =(A- l)aM. 



4.2 SM = 0. By (24 1 



By (31), fx* — Afi. Hence, by (21) (22) we seek the kernel of the following matrix: 

—AM 



0^ 



(103) 



aa* a 2 A 

a* 2 A^ aa* -Ma*oT x 
[A-\)aM AM 



By Proposition |4.1| da A da* = 0; hence, the above matrix has rank 2. Since 
A* = l/A, the kernel is invariant under complex conjugation. Therefore, since 
A 7^ 1, a basis for the kernel is D and 



A = X/a*6 + X*/aS* +A + XX*/{aa*)D, X* — AM/{M{1 — A)) 



□ 



Proposition 6.10. Suppose that f(C,u) = (koz) lkl u~ 2 + gu~ 2 z, or /((, ti) = 
exp(z) + gz where z = u _lfe £ or z = e™£; i.e., f(C> u ) belongs to one of the fol- 
lowing classes: BP13, CP13, BEi3, CE13. Then, the following are equivalent: (i) 
daAd/iAdf = 0, (ii) f = 0, (iii) g'(u) = 0. 

Proof. By assumption, B = 0, AA* = 1,A^ 1. Hence, t here exists a V such that 
condition ([75]) holds. Since Cyu — CvfJ* = 0, by Lemma 



6.9 



V is a multiple of A. 
Hence, XjX* = C/C* where C = a*V x , and hence V ^C/XA. In the proof of 
Proposition 5.8 we showed that A(l//i) is a constant. It follows that £yA/i = and 
hence CyX — also. Therefore, the desired condition is equivalent to A(u/X) = 
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where i> is the invariant defined in ([39]). By @, @ ([77|, ([78]) 

5X = -a*X, S*X = -aX, AX = 2XX U 
5{v/X) = -4iX 2 , 8*(v/X) = (\-2ba)/X, 
A(i>/X) = A(v/X) - A\XX 2 /5* + (1 - 2va)/a = f 

This proves the equivalence of (i) and (ii). A direct calculation shows that 
where C = C(fco, k{) is a constant. This proves the equivalence of (ii) and (iii). □ 



Remark 1: If g'(u) = 0, then by ( 10 ) we can absorb the the 2nd term in /(£, u) into 
the first term. Remark 2: the invariant v can be calculated directly by employing 
a null-rotated tetrad that sends A — > A and v — » v. 



7. The maximal IC order class. 



This section is devoted to the proof of Theorem we exhibit and classify 
all vacuum pp-wave solutions with a (0, 1, 2, 3) invariant count. The (0, 1) class is 
defined by the condition da A da* = 0. If a, /i are independent, then the (0, 1, 2) 
condition requires that v, v* be functions of a, fi. However, by Proposition [H72j this 
forces a Gi solution, and therefore can be excluded from the (0, 1, 2, 3) classification. 
Thus, we have narrowed the search for (0, 1, 2, 3) solutions to the following class: 



(104) 



da A da* =0, da A dfi = 0, da A dv A dv* 







The middle condition forces some restrictions. By Lemma 6.4 the analysis divides 
into two cases: B = 0, A = l,A/x = [i 2 ,^ ^ and /i = 0, AA* = 1. The for- 
mer possibility specifies class BL 13 ; the latter classes AP 13 , AE 13 , AL 13 . We begin 
by describing the specialization from class BLi 3 to class BLi2 3 . The Y invariant 



employed below is defined in ( 34 ) 



Proposition 7.1. Suppose that f(£,u) = CuT 2 logC + g( belongs to class BL 13 . 
The following are equivalent: (i) da A dv A dv* — 0, (ii) Alog(Y"F*) = 4/i, (Hi) 
g = ku~ 2 e lh , where k is a real constant and h — h(u) is real. 



Proof. Our assumption implies 



A=l, B = 
5[i = —/ia*, A/i = /i 2 , 
Y = 2v-l/a + 2^ 2 /a*. 



Hence, by (26) (27) 



Sa S*a Aa 
SY 8*Y AF 
5Y* 5*Y* AY* 



SY 

aa* 
-Ya* 
-3y*a* 



-Ya* 



S*Y 



-3Ya, 



a 

-3Ya 
-aY* 



—a/i 
AY 
AY* 



2a 2 a* {AYY* fi - A(YY*)) 
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This proves the equivalence of (i) and (ii). Writing g = e" 1 + 1 "' 2 , a direct calculation 
shows that 

(105) fi= -(cc*) 1/4 (CC) 1/2 , 

(106) M = afx= (i/2)(C*)- 1/2 , 

(107) YY* =4e 2,il uV 4 , 

(108) (A log yy*)/i = -2m/i' 1 (u). 
Therefore, (ii) is equivalent to 

uh'^u) = -2, 

which is equivalent to (iii). □ 

We now prove that generically the above solution is (0,1,2,3), and in the process 
derive the condition for specialization to a Gi solution. 

Proposition 7.2. Suppose that f{(,u) = u~ 2 (C \og( + ke lh () belongs to class 
BL123. The following are equivalent: (i) daAd^AdAz; = 0, (ii) A(aAlogy) = 0, 
(iii) e = u 1 , where k\ is a real constant. 



by (161 - (19) 



Proof. All of the relations given in the proof of Proposition |7. 1| hold. Furthermore, 

5* AY = -4a AY. 



SAY = -2a* AY, 
Thus, a direct calculation shows that 

da A dy A dAy = 2a 2 a*(y^Ay + Ay 2 - yA 2 y)w 1 A uj 2 A w 3 . 
Since a/i is a constant, the factor on the right can be written as 

(y^Ay + Ay 2 - yA 2 y) = y 2 a _1 A(aAiogy). 

This proves the equivalence of (i) and (ii). Furthermore, a direct calculation gives 

2C 1/4 (C*) 3/4 A(aAlo g y) = u(CC*) 1/2 (^ 2 («) + uh'^u)). 
This proves the equivalence of (ii) and (iii). □ 
We now consider the case of \i = 0, A A* = 1. 

Proposition 7.3. Suppose that /(£, u) — (k () 2lkl + gC, belongs to the AP 13 class. 
The following are equivalent: (i) da AdeA dis* =0, (ii) 

(109) (1 - 3A)A log Y + (A - 3) A log Y* = 0, 

(iii) g = / C2 e 1 ' l ( 1 - 2l ' c i) w here k 2 is a real constant and h = h(u) is real. 

Proof. Our assumption and Proposition |4.2| imply that /i = and that A is a 
constant satisfying AA* — 1. Hence, by (|26[) and (27) 

y = (3-A)v-l/a 

SY=-Ya*, S*Y = -3Ya, 

Aa 2 



5a S*a Aa 
SY S*Y AY 
SY* S*Y* AY* 

= 2a 2 a*((i - 3A)y*Ay + (A - 3)yAy 



aa 

-Ya* -3Ya 
-3y*a* -ay* 





Ay 

Ay* 
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This proves the equivalence of (i) and (ii). Writing 

_ e (l-2ifc l )(hi+i/i 2 ) j 

a direct calculation shows that 

a*((l - 3A)AlogY + (A - 3)AlogF*) = CC ikl h[(u), 

where C = C(fco, k\) is a constant. This proves the equivalence of (ii) and (iii). □ 

We now prove that generically the above solution is (0,1,2,3), and in the process 
derive the condition for specialization to a Gi solution. 

Proposition 7.4. Suppose that f((,u) = {k()() 2ikl + k 2 e ih ( 1+2ikl ^ belongs to class 
APi23- The following are equivalent: (i) da A dv A dAv = 0, (ii) A 2 Y A ~ 3 = 0, 
(iii) f(C,u) = (fcoC) 2lfel + Cu~ 2 ~ lkl £, where C is a complex constant. 

Proof. All of the relations given in the proof of Proposition |7.3| hold. Furthermore, 
by g6) - @ , 

SAY = -2a* AY, 5* AY = —AaAY. 
From there, a direct calculation shows that 

aa* Aa 2 



5a S*a Aa 
SY 6*Y AY 
SAY 6* AY A 2 Y 



-Ya* -3Ya AY 
-2a* AY —4aAY A 2 Y 



= 2a 2 a*((2(2 - A)(AY) 2 + (A- 3)A 2 Y) = 2aa*Y^ ^ — ^A 2 Y^ 

1 A 

This proves the equivalence of (i) and (ii). Furthermore, a direct calculation gives 

Y^A 2 Y^ = CC 1_ifcl C 1+i * 1 (*i'» / 2(«) 2 - h 'i{u)), 
where C is a complex constant. This proves the equivalence of (ii) and (iii). □ 



Finally, we consider the AE and the AL classes. Propositions |7.5| and |7.7| derive 
the form of the (0, 1,2) solutions for the cases A = — 1 and A = 1, respectively. 
Propositions |7.6| and 7.8 prove that these solutions are generically of type (0, 1, 2, 3) 
and derive the condition for the specialization to the corresponding (0,1,2,2) Gi 
solution. Mutatis mutandi, these Propositions are proved in the same way as Propo- 
sitions 17.31 and 17.41 above. 



Proposition 7.5. Suppose that f((, u) = exp(fc£) + gC, belongs to the AE13 class. 
The following are equivalent: (i) da A dv A d^* = 0, (ii) A log(Y/Y*) = 0, (iii) 
g = e lkl e h where k\ is a real constant and h = h(u) is real. 

Proposition 7.6. Suppose that f((,u) = exp(fc C) +e lkl e h ( belongs to the AE 12 3 
class. The following are equivalent: (i) daAd^AdAi^ = 0, (ii) A 2 Y~ X I 2 = 0, (iii) 
e h — CuT 2 where C is a complex constant. 

Proposition 7.7. Suppose that f((,u) = e lfc logC + gC belongs to the AL 13 class. 
The following are equivalent: (i) da A dv A dv* = 0, (ii) Alog(YY*) = 0, (iii) 
g = k2& lh where ki is a real constant and h = h(u) is real. 

Proposition 7.8. Suppose that f(£,u) = e lfc °log£ + kie lh ( belongs to the AL123 
class. The following are equivalent: (i) da Ad^A dAv = 0, (ii) A 2 logy = 0, (iii) 
gift _ u \k 2 w fi ere £ 2 i§ a rea i constant. 
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Finally we remark that a suitable change of variable ( 10 1 ( 13 ) allows for two 
equivalent representation for solution classes AP 12 2, AE 12 2, AL 12 2: 

(no) (fc C) 2ifcl + Cit~ 2 - ifei c - (fc ^ i/fcl C + cf lkl u~ 2 

(111) exp(fc C) + Cu^C (exp(fc C) + CQu' 2 

(112) e ife ° logC + fcie iu C =s e iko log(e itl C + *i) 

It follows that classes APi22,AEi2 2 are specializations of the generic G 2 solution 
B 2 2, while AL 12 2 is a specialization of C 22 . 

8. The G 3 solutions 

In this section we classify the G3 solutions. The invariant count is (0, 1, 1) and 
hence these solutions are characterized by a 7^ and 

da A da* = da A dfi — da A dA = da A dv = 0. 



The condition daAdA = is redundant, because by Propositions 4.1 and |4.2[ a G3 
solution satisfies B — 0,AA* — l,dA = 0. By Lemma 6.4 there are two bran ches 
(i) B = 0,A = 1, An = /i 2 , n ^ 0; and (ii) n = Q,AA* = 1. By Propositions WX 



|7.3| |7.5| |7.7| the condition da A dv A dv* — 0, which is weaker than da A dv = 0, 
specializes these two branches to (0,1,2,3) solutions. Therefore the G3 solutions 
arise as the following sequence of specializations: 

(0,1,3)^(0,1,2,3)->(0,1,2,2)^(0,1,1). 

Therefore, to classify the G3 solutions it suffices to begin with the classes BL13, 
AP 13 , AE 13 , AL 13 and impose the specialization is da A dv = 0. 

Proposition 8.1. Suppose that /(£, u) = Cu~ 2 log £+git~ 2 C belongs to class BL 13 . 
The following are equivalent: (i) da A dv = 0, (ii) Y = 0, (Hi) g = 0. 



Proof. Using the relations from the proof of Proposition |7.1| we have 

5aS*Y - SYS*a = -2Ya 2 a*, 
8a AY - SYAa = —2aa* (Yfj, — AY), 
AaS*Y - AYS*a = a 2 (3Y^ - AY) 
This proves the equivalence of (i) and (ii). A direct calculation shows that 



a 



■Y* = u 2 Cg/C. 



This proves the equivalence of (ii) and (iii). □ 

Proposition 8.2. Suppose that /(£, u) = (fcoC) 2lfcl + ffC belongs to the AP13 class. 
The following are equivalent: (i) da A dv — 0, (ii) Y = 0, (iii) g = 0. 



Proof. Using the relations from the proof of Proposition |7.3| we have 
SaS*Y - SYS* a = (A - 3)Ya 2 a*, 
5a AY - SYAa = aa* AY, 
AaS*Y - AY6*a = Aa 2 AY 
This proves the equivalence of (i) and (ii). A direct calculation shows that 

a*Y* = CC^ 2ikl g, 

where G is a constant. This proves the equivalence of (ii) and (iii). □ 
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The proof of the following two Propositions uses the same argument as above. 
One merely specializes A — > — 1 and A 1, respectively. 

Proposition 8.3. Suppose that /(£, u) — exp(fc£) + g(, belongs to the AE13 class. 
The following are equivalent: (i) da A dv — 0, (ii) Y = 0, (Hi) g = 0. 

Proposition 8.4. Suppose that f((,u) = e lfc logC + gC belongs to the AL13 class. 
The following are equivalent: (i) da A dv = 0, (ii) Y = 0, (Hi) g = 0. 

9. The G 5 and G 6 solutions 

In this section we derive and classify the metric forms in the a = class. By 
Proposition |2 . 2| the corresponding solutions are either G5 or Gq. 



Proposition 9.1. The following are equivalent: (i) a — and (ii) f(Ci u ) = 
52C 2 + SiC + .90; where as usual gi = gi(u), i — 0,1,2 denote complex valued 
functions of one variable. 

Proof. A direct calculation shows that 

a = e a - a * (o c )* , 

where 



a = 



□ 



Note that a form-preserving transformation (10 1 - (13) can be used to set 51,50 — > 
0. Hence, without loss of generality a solution in the a = class has the form 
f{(,u) =gC 2 , where g ^ 0. 

It will be convenient to set g = e iA , where A — A(u) is complex valued. A direct 
calculation then shows that 

(113) 

7 A* 

(H4) ^ = IT- 

We are now in a position to derive and classify the homogeneous Gq solutions. 
Such solutions are characterized by the condition A7 = 0, which ensures that the 
fundamental Cartan invariant 7 is a constant. 

At this point the Gq classification bifurcates, depending on the value of A u . We 
consider the generic case in Proposition |9.2[ and the singular case in Proposition 
19.31 The classification is summarized in Tabic [9] 

Proposition 9.2. Suppose that f(C,u) = e 4A ( 2 , A7 = 0, and K7 ^ 0. Then, 
without loss of generality, 

(115) f{(:,u) = k l u 2ik °-\ 2 . 

Proof. If A7 = 0, then 7 is a constant. By assumption, A u =^ , and so 7/7* is 
also a constant. It will therefore be convenient to write 

(116) l/A u = e ik h, 

where both k is a real constant and h = h{u) is real. A direct calculation now gives 

1 
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which implies 

A ^ 



&2 — u cos k 
f = (cosku-k 2 )- 2+2itank k 1 



where ki ^ is a real constant. Substituting into (113) gives 

e ifc 

which means that k, k\ are essential constants, while ki can be gauged away. Ap- 
plying the change of variables ( fl2| gives the desired solution form. □ 

Proposition 9.3. Suppose that f((,u) = e 4A ( 2 , A7 = 0, and 9?7 = 0. Then, 
without loss of generality, 

(117) f((,u)=e 2ik ° u <; 2 , 
where ko is a real constant. 

Proof. The super-singular case of 7 = corresponds to A u = k = 0. From now on, 
we suppose that 7 is a non-zero imaginary constant. It follows that 

A u — ifc 

where k is some real constant. The desired conclusion follows immediately. □ 

10. Conclusions 

In our search for those vacuum PP-wave spacetimes in which the fourth-order co- 
variant derivatives of the curvature tensor are required to classify them entirely, we 
have produced an approach to invariantly classifying the vacuum PP-wave space- 
times. Our approach is based on Cartan invariants and the Karlhede algorithm 
and is necessitated by the fact that a the class of vacuum PP-waves has vanishing 
scalar invariants [2]. Our classification is finer than the analysis of each spacetime's 
isometry group alone. The summary of this invariant approach to classification is 
given in tables [T] — [8] with specialization relations summarized in Figures [l] and |4j 

For any spacetime, the classification begins with the fact that the components 
of the curvature tensor and its covariant derivatives produce all of the invariants 
required. The Karlhede algorithm provides an algorithmic approach to determining 
the lowest order, q, of covariant differentiation needed to classify the space, canoni- 
cal forms for the components of the curvature tensor and the number of functionally 
independent invariants, (to, t%, . . . ,t q ) arising from the collection of all components 
of the curvature tensor and its covariant derivatives up to order q. 

For vacuum pp-waves we have demonstrated that q < 4 and have classified all 
solutions that attain an IC order of 4. Table |6] summarizes the maximal order solu- 
tions. By characterizing the G2 and G3 solutions in terms of invariant conditions, 
the invariant approach also sheds light on the origin of the additional Killing vectors. 
Another remarkable finding is the fact that the maximal order solutions of Table [6] 
are direct precursors of the G3 solutions first discovered by Kundt and Ehlers. In 
terms of the metric form, the mechanism of specialization is the disappearance of 
an additive term; e.g., 

e iko \og( + k ie ih ( e ik logC- 
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Outside of the invariant classification of spacetimes, the study of the invariant 
structure of the Riemann tensor and its covariant derivatives reveal the interconnec- 
tion between spacetimes with less symmetry and their more symmetric counterparts 
and how these arise as specialization of the classifying manifold. Furthermore by 
imposing conditions on the Cartan invariants we produced definite examples of 
spacetime with little or no symmetry. This is particularly relevant for the PP-wave 
spacetimes as before our work little was known about those spacetimes admitting 
D = d v as the sole Killing vector. 

The approach used to invariantly classify the PP-waves is not limited to this 
class alone. One may repeat the process for the other half of the plane-fronted 
waves, the Kundt waves [IU]. Together these spacetimes constitute the entirety of 
all Petrov type N VSI spacetimes: the class of spacetimes where all scalar curvature 
invariants vanish. These spacetimes are a special case of the CSI spacetimes , where 
all scalar curvature invariants are constant, and so the Karlhede algorithm is the 
only approach to invariantly classifying these spaces. 

Future research direction involve the extension of the invariant classification 
to all VSI space-times, and even the full class of Kundt-degenerate spacetimes. 
The question of the physical and phenomenological interpretation of the classifying 
invariants is also unresolved, although some steps in this direction are ongoing 
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Appendix A. Tables of exact solutions 

Tables [2] and [3] summarize the exact solutions derived in Section [3] Tables 2] and 
[5] summarize the precursor solutions derived Section in [5] Tables [l] and [7] give the 
G2 solutions. 




Figure 4. G% solutions 
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n 

Lr\ 


fit m\ 


Invariant condition 


A ** 
A 23 


giF(g 2 () + .93C 


5 A* S 2 M = SM S 2 A* 


A * 
A 23 


F(g()g- 2 + giC 


SM = 


A 23 




M = 


^23 


F(h ik ()h 2 +g( 


S 2 /Bi = k, AA* ^1,5,^0 


^23 


F(e ih ()+g( 


B 1 = 0, A ^ 1 


P23 






E23 


ex P(3iC) + .92C 


A = -l 


L23 


gi iogC + .92C 


A = l 



Table 2. Type (0,2,3) solution classes 



Gi 


f(Cu) 


Invariant condition 


Pl3 


(k e ih () 2ikl 


+ <?C 




E13 


expOe^C) - 




S = 0, A = -1 


L13 


e lfc /ilog( 4 


32 c 


B = 0, A = 1 



Table 3. Type (0,1,3) solutions 



Gi 


/(£«) 


Invariant condition 


B23 


F{u- ik ()u- 2 + g( 


B 2 /B 1 = k, AXi = 2X1, AA * 1, B x £ 


C23 


F((e iu )+gC 


fli = 0, AX 2 =0, \i ± 0, AA* ^ 1 


L23 


gi iogC + 32C 


A = 1 


A 23 


^(C)+3iC 


M = 



Table 4. Type (0, 2, 3) G 2 -precursor solutions 



Gx 


/(£«) 


Invariant condition 


BP13 


(k a u-^C) 2ik2 +g( 


S 


= 0, A 2 ( 


= 0, A/i ^ 0, A 2 ^ 1, 


CP13 


(fc e iu C) 2ifel +gC 




= 0, A/z 


= 0, m ? 0, A 2 ^ 1, 


BE13 


cxp(k u- ikl () +g(, 




= 0, A = 


-1, A 2 (1/ M )=0, A/i^0 


CE13 


exp(fc e™C) + 9C, 




= 0, A = 


-1, A/i = 0, fi ^ 


L13 


e ik h\og( + g 2 ( 


B 


= 0,A = 


1 


BL13 


Cu- 2 \og( + g( 


B 


= 0,A = 


l,A/i = M 2 , /i^0 


AP13 


(ko0 2ikl +gC 


M 


= 0, AA* 


= 1, A 2 l, 


AE 13 


exp(fcC) + g( 


M 


= 0, A = 


-1, 


AL 13 


e ik log ^ + ^ 


1" 


= 0, A = 


1, 



Table 5. Type (0,1,3) G2-precursor solutions 
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/(£«) 


Invariant condition 


BL 12 3 

APi 23 

AE123 
AL123 


(ClogC + fcc^C)^ 2 
(fcoC) 2ifel + k 2 ^ 1 ~ 2ikl) C 

exp(fcoC) + e ikl e h £ 
e iko logC + fcie i/l C 


B = 0, A = 1, A/i = a* 2 , Alog(YY*) = 4/i, /i ^ 

At = 0, AA* = 1, 4V 1 

(1 - 3A) A log Y + (A - 3) A log Y* = 

At = 0, a = -l, A(y/y*) = o 
At = o, A = i,A(yy*) = o 



Table 6. Type (0,1,2,3) solutions 



G 2 



/(C,«) 



Invariant condition 



BP122 
CP122 
BE122 
CE122 
L122 
BL122 

APl 22 

AE 122 
AL 122 



((/c u" ifel C) 2ifc2 + k 3 u- ikl ()u- 2 
(k c iu C) 2ikl + k 2 e iu C 
cxp(k u- ikl () + k 2 u- ikl (, 
exp(k e iu () + k ie iu (, 
e lk h\og( 
u- 2 (C\og( + k() 

(k C) 2ikl +Cu- 2 -' lk ^C 

{k u-'/ k K + cf lkl u- 2 

exp(fc C) + Cu- 2 C, 
(exp(fcoC) + CC)u- 2 

e ifco logC + fc^C 

e iko log(e iu C + fci) 



B = 0, A 2 (l/Ai) = 0, T = 0, A/i ^ 0, A 2 ^ 1 

S = 0, A At = 0, f = 0, a* 7^ 0, A 2 ^ 1 

B = 0, A = -1, A 2 (l/At) = 0, f = 0, A/i ^ 

B = 0, A = -1, A/i = 0, f = 0, ^ + 

B = 0,A = 1,Y = 

S = 0, A = 1, A/i = At 2 , A* 7^ 

Alog(YY*) = 4/i, A(aAlogY) = 

At = 0, AA* = 1, A 2 Y^ =0, A 2 ^ 1, 

At = 0, A = -l, A 2 y-!/2 = 
At = 0, A = 1, A 2 logy = 



Table 7. Type (0,1,2,2) G 2 - solutions 



G 3 


/(C,«) 


Invariant condition 


BL n 
APn 
AE n 
AL n 


Cu^logC 
(fcoC) 2ifcl 
exp(fc C) 
e ife logC 


B = 0, A = 1, A/i = At 2 ,y = 0, /i 7^ 
A* = 0, AA* = 1, Y = 0, A 2 7U 
At = 0, A = -i,y = 
At = 0, A = 1, Y = 



Table 8. Type (0, 1, 1) G 3 solutions 



Label 


/(C,«) 


Invariant condition 


An 
Bo 
Co 


.9C 2 

fciU 2ife -2 C 2 

exp(2ifc wK 2 


a = 0, A7 7^ 

a = 0, A7 = 0, 7^ 

a = 0, A7 = 0, 3*7 = 



Table 9. The G 5 and G e solutions 
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